
Please write clearly in black ink. Do not write in the barcodes.

First name(s)

Last name

Centre number Candidate number

OCR is an exempt Charity
Turn over

Oxford Cambridge and RSA

* Y 4 2 0 0 1 *

You must have:
• Question Paper Y420/01 (inside this document)
• the Formulae Booklet for Further Mathematics B

(MEI)
• a scientific or graphical calculator

INSTRUCTIONS
• Use black ink. You can use an HB pencil, but only for graphs and diagrams.
• Write your answer to each question in the space provided in the Printed Answer

Booklet. If you need extra space use the lined pages at the end of the Printed Answer
Booklet. The question numbers must be clearly shown.

• Answer all the questions.
• Where appropriate, your answer should be supported with working. Marks might be

given for using a correct method, even if your answer is wrong.
• Give your final answers to a degree of accuracy that is appropriate to the context.

INFORMATION
• This document has 24 pages.

ADVICE
• Read each question carefully before you start your answer.

*
9
4
5
1
2
8
9
7
4
2
*

Wednesday 25 May 2022 – Afternoon
A Level Further Mathematics B (MEI)
Y420/01 Core Pure

Printed Answer Booklet
Time allowed: 2 hours 40 minutes

© OCR 2022 [Y/508/5592]  
DC (ST/SG) 300807/2

R red level

longer questions (6 + marks

higher level problem solving
· harder A Level Content

A amber level

t · shorter questions (3-6 marks)
low level problem solving
· harder As/easier A Level

content.

Worked Solutions
G green level

·Short questions (1-3 marks
· minimal problem solving
· As/easier A Level

content.

E explanation

www.mymathscloud.com

http://www.mymathscloud.com


2

© OCR 2022

Section A (37 marks)

1(a)

1(b)

G

First let's expand out (r + 1)" - r3

(r +ya - r3

= r3 + 3r2 + 3r + 1 - r

= 3r2 + 3r +1 this what we are summing .

Now we use this to find the Sum.
N

(3r + 3r += (r+
r= 1

=x - i) + (y-y) + (( -4) I Differences
+

...

->
Method of

+ (x) - ) + (2n + 1) -(3)
= (n + 13 - 1 =m3 + 3nz + 3n + 1 - 1

= n3 + 3n2 + 3n =m(n2 +3n +3)
G

We should first need to find [r/r + Y in our sum above.

* (3rz + 3r + y = 3(r(n +y)) + ,

r= 1

so rirtar
Now we can sob in our sum from flyusing n

n
n

& r(r+ y) = (n(n2 +2n +3) - m I r = 1
v = 1

= -n(n2 + 3n + 3 - 1

= in(n2 + 3n + 2)
G always check

= (n(n + 1)(n + 2) of quadratics will

factorise

Lace rir+ y = in(n + y(n + 2)
r = 1

www.mymathscloud.com

http://www.mymathscloud.com


3

Turn over© OCR 2022

2A

This is an improper integral as one of the

limits is &
.
So firstly we need to modify the

limits of our integral.

Sx+ S
dx = lime Jax+sax.

The quadratic in the denominator does not

factorise. So we must complete the square and

use a trig/hyperbolic trig substitution.

x2 - 4x + S

= (x - 2) 2 - (2) 2 + S

= (x -2)2 + 1

so umJa+sax = met, d

From the formula book
, Set dx = actan + c

So um Set, das = an(arctan(x -2)]a
= um (arctan (a-2-crcta,se

= um (arctan(a-2-

as a s a arctan(a-2) as - Exactance
/

goso a+
ax = E - =
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3G

First we need to write our equation in terms of coshoc.

From the formula book
,

Cosh2 - Sinh2 = 1
.

So

cosh22 - Sinh 2 x = /

=> Sinh222 = cosh2x - 1

I substitutinginto our

3 coshac = z (cosh 2
x - 1 equation

3 coshe = zcosh2cc - 2

2 cosh=x -bcoshx -z = 0

This is a quadratic in cosho .
So

(cosha-2) (2cosna + 1) = 0

coshc = 2
,

coshx = -E

coshe = -E
no xtR as cosha : O

CoShac = Z

x = arcosh 2 = in (2 +m, /
= (n(2 + m

By considering the groph ,
we alsoreed the regated

n] value of the root above.Cosha

Sox = -in (2 + 5) as well .

O 02

> x

hecex = (n(2 + 5)
,

x = - in(2 + 5)
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4(a)

4(b)

G

If the transformation maps all points to a

plane
,
the determinant of the Matrix is 0.

M2 I

· 1 z =m15 - 2/22) + 112i
20 3

= m(z) - z(4) + 1( -2)
= 3m - 10

So 3m-10 = 0 =) m=
A

The determinant of the Matrix representing U is 2.

So det NM = 2
↑

NM represents the combined transformation M then N.

Also det NM = det Nx det M

det N = 3k + 1

det M = 4k - (-3) = 4k + 3

so (3k + y(4k + 3) = 2

124
2

+8k + 4k + 3 = 2

12k
2

+ 13k + 1 = 0

(12k + 1)(k + 1) = 0

So k = - ork = - 1
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5(a)

5(b)

G

r = a(l-coso)

The easiest was to doO
using the graph function
this is plot the graphs

on the CaSO.

If not
,
plot a few points

and use this to draw

the curve.

G

From looking at the graph above ,

the bounds for

the crea are O and 25.

also in formula book, the crea = Sr2do
so

area = S
*

(all-coso) do= 11-coso do

O

= -zcoso + costo do

&using costo = (1 + cost of

= -zcoso + l + cos2odo

= -zcoso + cos20 do

Scosko do

2π I =Isinko + c

= /0-2sino in 20 J
6

= (2) -2sin2 + Sinc
- ((%) - Isino + using)

= (3 - 0 + +(0) - (0 - 2(8) + y(0)))
= xb = Ea2 units?
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6G

Step one : base case

when n =1
,

LHs = ( , ) = (2, 0

rus = (ii) = (29) :: true for n = 1.

step two : assumption

Assume true for n = k
,

so (2012
Step three : inductive Step

Using the assumed result for m = K
,

(20 - (204)20
= (20
I↳
=

: true for n

Step four : conclusion

If the result is true for n = K
,

it is true

for n = K + 1
.
Since it is true for n = 1

,

it is true for all positive integer
values of n.
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Section B (107 marks)

7

(answer space continued on next page)

R

We can find the integral using partial fractions.
x + 1

=
A

t

Bx + C

(x- 1)(x + i x - 1 x2 + 1

A(x2 + 1) + (8x + d(x- 1
=

(x- y(x2 +1

Lace A(x + 1) + (8x +()(x - y = x + 1

Axi + A + Bx) - 8x + (x - C = x + 1

Find A
,

x : A + B = 0

B and C
x : - 8 + C = 1 -> solving simultaneously gives

constants : A - C = 1
I A = 1

,

8 = - 1
,

2 = 0

3

so (= dx

2
using

= (Inix-11-Elek +11]3Stdnl
= In2-Ein10-(m)-Einst
= In2-In10 + In + Ins Simplify
= In2 + (InS-inlo) into required

result

= In2 + Int
= In2-In2 = Einz as required
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8(a)

8(b)

A
z : arg(z -10)=

Im -> half line
M

begins at (10
, 00

Line makes angle of t
with the > direction

z : /z-3- Gil = K

-> circle
· (x - 3(2 + (y - 0) = 42

3196 ;

&
Re

10

R

This is essentially a coordinate geometry question.

So first we re-write our loci in tems of a and y.

arg(7-10) = & is a line
, gradient tar (y + ) = -1,

passing through (10
,
0)

.

so

y - 0 = - 1(x - 10)

y =- x + 10

1Z-3-Gil = k is a circle
,

centre (3
,
8)

,

radius K.

so(x - 3(2 + (y - 6)2 = k2

We know they intersect on the imaginary as is,

so intersect at x = 0. When < = 0
, y

= - 0 + 10 = 10

so (0 - 3)
2

+ (10 - 62 = 42

ki = 25 =) k = S
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#

8 of so now we solve for the other point of
continued intersection.

subbing y = - > + 10 into (2-3) + (y - 5) = 25,
(x -3(2 + ( - x + 10 - 6)2 = 25

x2 - Gx + 1 + x - 8x + 16 = 25

2x2 - 14x = 0

2x(x - 7) = 0

x = 0
,

x = 7

y = 10
, y

= 3

so the points of intersection are represented

10 i and T + 3 i.
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9(a)

9(b)(i)

9(b)(ii)

A

E

In (s) is only valid for 10.

soIt sinheso

Sinhxs - 1

x -Arsinn (-1) using Orsinhx =

xin)-1 + + ) in(a ++

xsin(v - 1)
Lace K must be greater than In (5-1).

A

↑ (a) = In (1 + sinhe

by chain rule,

f(x) = In r f (x) = t

u = 1 + Sinhx v = cosha

↓Coshaso fl

==
A

by quotient rule,

u = coshoc = Sinha

V = It Sinha V = Cosha

so Sinha (1 + Sinha) - cosh2 using
f +

(3) = Cosh2- Sinh=x = 1

(1 + sinho
?

->
Sinha + Sinh22-20sh's Sinnx-1

= =

(1 + Sinhee?? Ilt sink of

(a = 1
,
6 = - 1)
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9(c)

9(d)

G

As given in the formula book
,

the general
Maclaurin Series is f(x) = f(o) + f (da+ .

f(0) = In(1 + Sinho) = (n) = 0

f(0) =
Zosno = T = 1
It Sinho

f+ (0) =

Sinh(o) -1
=

= - 1
-

(l + Sink (0))2

so f(x) = 0 + 1(00 + =(2) +...

f(x) = x - [x2 +
---

rece a quadratic approximation for f(o) is -Ex?

G

f (0 . 1) = in (l + Sinh o. = 0 . 08SU ....

f (0 . 1) = 0 . 1 - =(0 . 1) = 0 . OPS

true value -approximation
error = X 100

true value

0 . 0954
...

- 0 . 005
= X 100

0 - 09SU...

= 0 .4837
...

= 0 . 484 % (3sf)
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10(a)

10(b)

a =

b =

A

Using EXB2S = a (product of roots
x x z x Bx3B = E

GB2 = G
4

B2 = i
B = = E = B10

,
So B = - E

using Ex = -(sum of roots

2 + z -E - E = - E
x + = + 2 = O

22 + 2x + 1 = 0

X =

- 2 EEXIXT
=

-
1 ti -Ei = -Fi

2(1)

so roots are - E
,

- 2
,

-1 + i
,

-1 - i

G

using [dB = a (sum of product of 2 roots

(- ( - z) + ( - )) - 1 + i) + (- 2)) - 1 - i)

+ (- z)) - 1 + i) + (z)(- 1 - i)
+ ( 1 + i)( - 1 - i) = 4

=>a = 2 =) a = 27

using [xB2 = -a (Sum of product of 3 roots

(- Ef(- z)(- 1 + i) + ( - 2)) - z)(- 1 - i)
↑ (- E)( - 1 + i)( - 1 - y) + ( - z)(- 1 + i) ( 1 - i)

=
- t

= - y = -t
6 = 22

27

22
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11(a)(i)

11(a)(ii)

11(b)

Im

O

z1
A

Re

G

multiplying through by
eit does not change

Zz
the modulus of z

,
but

· 8 rotates it by it

about the origin.
Z

,, z2 and Zu will

form an equilateral

triangle with

the origin as

the centre .

C
/

Es

A

z
,

+ z2 + z = z
,

+ z
,
ei + z

,
e

in

This forms a geometric series
,

a = z, r = eiπ
I

So
z

,
+ z + zu =

z
. (1-Cesin/3

=

z
, (1 - ezing

1 - eiπ 1 - eiπ

ei = COS2T + isin2n = 1 + i(0) = 1

so z
.

+ zz + zj= = 0

=> z
,

+ zz + zz = 0

A

First we write 8 : in mod-ary form.

18il = 8
,

any 8i = , so z3 = 8 (lus + isin
thee by de Moivre's

&

Z= 2(cos + isin) = 1 + i

orgumenta ↓
z2 = 2(cos + isin) =

- B + i

added z3 = 2 (cos + isin) = -zi

each time

so roots are 5 + i
,

-5 + i
,

- zi
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12R

First we need to re-write our DE into a linear 1st
order general form DE.

(4 - x7)x -

xy = 1

-> (4-x7):x-i Y =i

we can solve this by usingon integrating factor.

I(0) = eSido = e
& In 14 - <(2)

= (4 -x2)
- -

Sede =+ e = fl

Now we multiply through by I(00.

x (4 - x c: (4 -x2) - x(4 - x2)
-

Ey = (4 - x4)
-E

The LHS is implicit product rule. v = Y u = dua
V = (4 - x 2) v = - x(4-xy)

-z

=> a (y(x - **) = (4 -7) - x(4 -x7)
-Ey

So (y(4 - x** ) = (4 - x7
-E

y(4 -x4 = Sur doc ↓ sineas
y (4 -x2) = arcsin(2) + c

=arcsin( +C

when y = 1
,

x = 0 : 1(4) * = acsino + c = c = 2

so y =
arcsin(2y + 2

-x2
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13(a)

13(b)

Coordinates =

A

We start by finding the direction rector 58.

= = = - a = ( -( = (i
So we can start by find the angle between this

direction vector and the normal to it
, Using

COSO =
6() + 4)- 2) + 0(2)

=- COSO = T
#42 + 22 M22

so o = cracos ( = 16 . 864
...

Diagrams help us visualise

the angle we have found.
1D

-
so the angle between the plane

AB

↑

Ti

+ I
, and live is 96 . 864 ...

- Ro

30 view sideiew At = 6 . 864... = 6 . 86%

A

so the live has equation
r = ( +x

Sox = 4 +6x
, y = 4x

,

z = - 1 - 2x subbing

I into place
equation

First let's use It: 4 + 67 - 2(4x) = S

- 2x = 1

x = - +
2

Now in : 2 (4 + 62) + 3(4x) - (- 1 - 2x) = - 4

8) + 127 + 124 + 1 + 2x = - 4

26x = - 13

x = -E

As they intersect when X = - each time At Meets

#
,

and its at the same point .

(4 + 6(z)
, 4)- 2) .

- 1 -2( z)) = (1
,

- 2
,
of
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13(c)(i)

13(c)(ii)

13(c)(iii)

G

We can find this using a determinant
.

i 2
-

i - za = +) ) -=02) + = -

2)-

10 - 1

= +(2) - j( - y + 1(3 + 2(2))
= 2i + 1 + 7k

A

Above we found the vector product between the
normals to each place. We can use this to

find the angle between them.In the FG
&

& 1 = 19/14/sino n ↑ is a unit rector

19411 = 191/E/sino/ So () = /

=> sino =!
so sino =

2+ 1 + 72

-- (this is acute-

+32 + 12

so o = arisin( = 61 . 43
...

= 61 . 40 (3sf)
A

The vector product of two vectors gives a

rector perpendicular to the two vectors.

T2A2
-

A,
so the vector product in f i. is the

T
, ⑨ direction vector of the line of
side

view intersection. So this live is
= =( + (

Recall that the shortest distance between a line

(E = q + x9) and a point p is given byl
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=

iii)
continued ap = p - a = () - (2) = (

so aPxd ==
= (14 + 1) - =(2) + 2) + (3 -4)

= ISI - 23 - k

laxal = 5 +232 + 1 = ESS
191 = + + 1 = 35

so distance= = 3 . 7391 .... 3 . 74 units (bsf
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14(a)

14(b)

(answer space continued on next page)

G

Here we just expand and simplify

(3- ezig)(3 - e
-zig)

= o -be-2i0-yezio + 1

= 10 -3(e20 + e-4i0)) using 2cosno = eino + e-ino

= 10 - 3/2 cos2 of
= 10-GCos 20

R

This is a C + is question .

So we should define

C and S
,

before considering C + is .

So let C = coso + -COS30 + t COSSO +....

S = Sing + Sin30 + Sin so +....

so considering C + is
,

C + is = coso + isino

↓ Cos30 + isin3o

+ cos So + Eicos so

t
-

= z + 5z3 + +z5

This forms a georetic series ,

a = z
,

v = z2
surred to infinity .
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14(b) (continued) infinite geometric sum

- formula.

C + iS =

so

-
I multiplying by

=
&eia

x
3-e-zia Complex Conjugate

3 - ezia 3 - 2-2i0

beia (3-e-zig)
=

(3- ezig)(3 - e
-zig)

=

Reio-ze-ia & using result from af

10-6 cos 20

~ (cuso + isino) -3 (cos(-of + isin(off using
=

10-6COS 20 ↳ cos(-0) = cosO

Sin (-0) = -Sino

R coso + Risino-3coso + Jisino
=

10-6 COS 20

GCOSO ↑
12 sino

= + 1

10-6Cos 20 10-6 cos 20

=

32050
+ i Gsino

S-3c0S20 S-32050

hence 3COSO GsinO
C = and S =

S-3COS2O S-3cos20

Gsino
so Sino + Sinzo + Sinso +... =

S-3cos20

as required
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15(a)(i)

15(a)(ii)

15(a)(iii)

15(a)(iv)

G

The resultant force on the particle
,

F
,

is

F = - 2 mx

By Newton's 2nd Law
,

F = Ma

-2mx = ma
using a== =

- 2x = > + 2x = 0 requireddt 2

G

Since a < -x
,
the particle is performing

simple harmonic motion .

G

For SHM, + wa = 0. So w = = W =

Also recall time period
,

T
,

is given by T=

so T= = + = 4 . 4428 ....

= 4 . 44 seconds

A

Recall that the general solution for a SHM DE is

C = ACOS WE + BSinut
.

So > = Acos(t) + B sin (t)

At t = 0
,

x = 2 and V=
A cos(0) + Bsin(0) = 2

A(y + B(0) =2 = A = 2

x = 2 cos(t) + Bsin (t)
differentiate

- = -zu site) + Be cos(t Efa
I = - zesin(o) + Brcos(o) = B = E=

Lee <2 = 2cos(t) + Esin (t)
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15(a)(v)

15(b)(i)

15(b)(ii)

15(b)(iii)

A

Recall that
,

if x = A cost + Bsinut
,

the amplitude

of motion is given by 82.

hence amplitude= = = E = 2 . 1213
....

= 2 . 12 m (3sf)

G

The resultant fore
,

R
,

on the particle is now

R =
- 2mx- ZMu

So by Newtais 2nd Law
,

-2> -2MV = Ma

(a= = a + 2v + 2x = 0 => +2 2x = 0 required
A

We can consider the auxiliary equation for our DE,

x + 22 + 2 = 0
.

The discriminant = (212 - 4(1)(2) = - 4

Recall that if discriminant is less than O
,
the particle

is underdamped. Hence as discriminant to
,

it is under-damped
.

A

We can use our auxiliary equation here.

x + 2x + 2 = 0

x =
4x/X) =

- Iti
.

2x)

If we obtain roots x = a +Ji from our auxiliary
equation

,

x = eat(Acosbt + Bsing)
-

so our general solution is < = e-t (A cost + Esint
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15(c)(i)

(answer space continued on next page)

R

From 6)
,

we now have a general solution
2 = e-t(A cost + Bsint)

So our solution is

x = e-t (A cost + Bsint) + p(t)

We can find plt) .

p(t) = PCOSIt + Qsinzt

p- (t) = - 2 Psin2t + 2QCOS2t

pr (t) = - 4P20S2t - 49 sinzt

subbing into the DE,

- LPcos2t-YQSinzt + 2(-2psinzt + 2QcoszE)
+ 2(pcos2t + QSinzt) = ZcosIt

- 4PcoSIt-UQSinIt-UPsinIt + 4QcOSIt

+ IPCOSIt + 2Sinzt = 2cos2t

CoS2t : - 4PCOSIt + 4Qc0SIt + IPCOSIt = ICOSIt

- 2p + 40 = 2

- p + 24 =1

Sin 2t : - 4QSinzt-Upsinzt + 2qsinzt = O

- 4p - 20 = 0

2p +a =00

solving and ⑧ simultaneously gives
P = - and = =

Hence x = e-t (Post + Sint)-cos2t + Esinzt
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15(c)(i) (continued)

15(c)(ii)

A

As + - &e
- +

- 0.
I

Sox- - cos2t + EsinIt

We can rewrite a as + & in harmonic form,
x - Asin(2t + x)

so W = 2.

Hence time period T=== = 3 . 14 ......

This time period is close to 3 seconds as expected.
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